Abstract. Let A" be a completely regular Hausdorff space and C(X) the space of all real valued continuous functions on X. We give C(X) the compact-open topology. The principal result of this paper is: If C(X) is complete and barrelled and has an absolute basis, then C(X) is isomorphic to a countable product of lines.
Let A' be a completely regular Hausdorff space and let C(X) be the space of all real valued and continuous functions on X. Throughout this note we give C(X) the compact-open topology, unless otherwise indicated, and the notation is essentially that of Bourbaki; see, e.g., [2] or [12] .
We call a set A in a locally convex space E total if / G E' and f(A) = 0 implies/ = 0. Recall that the dual of C(X) with the compact-open topology is the space of all signed regular Borel measures on X having compact support; see, e.g., [6] . We denote this space by M(X) or M.
Proposition.
When X is locally compact the following are equivalent: (1) C(X) is separable and M with a(M, C) topology is separable. (2) X is a separable metric space.
If (1) or (2) holds, then C(X) is a Frechet space.
Proof. Whenever A' is a ^-space, C(X) is complete; see, e.g., [9, p. 81] . Assume (1). Since C(X) is separable, a theorem of Warner [13, p. 270] guarantees there is a separable metric topology T on X which is weaker than the given locally compact topology on X. Each compact set in the given topology of X is homeomorphic with itself in the F-topology and, consequently, is metrizable. Hence each compact subset is separable. Let (nn) be a total sequence in M (hypothesis (1)); if An is the compact support of ju", then D = U^=\An is dense in X. Since each A" is separable, X is separable.
If p is any point in X and U is an open neighborhood of p with compact closure, then U is metrizable. Consequently, the topology on X has a countable base at p. It follows from separability that X has a countable basis for its locally compact topology and, therefore, is metrizable [7, p. 75] . Again by a theorem of Warner [13, p. 271] (it is also easy to see directly), C(X) is metrizable.
Frechet space [13, p. 271] . This implies o(M. C) is separable [9, p. 165] and (1) is established.
A biorthogonal sequence (xn; /") in E X £" is a Schauder basis for E if, for each x in E, limk_fO02,^lfn(x)xn = x for the given locally convex topology on E.
Corollary.
If C(X) has a Schauder basis (xn; //,"), then (1) and (2) of the theorem above are satisfied.
Proof. The sequence (ju.n; xn) is a a(M, C)-Schauder basis for M.
The following theorem is established in [5] .
3. Theorem. The following are equivalent:
(1) The strong topology fi(M, C) is separable.
(2) X is countable.
We now strengthen the previous results by assuming the basis of C(X) is unconditional. To do this we need the following definition and lemma. If S is the set of all finite subsets of the positive integers, then a series "2kxk is said to be unconditionally convergent when the net {"2,axk: k G a, a G S) converges. A Schauder basis (xn; /") for E is called unconditional if for each x in X the series 1,lJn(x)xn converges unconditionally to x. 4. Lemma. Let E be a complete or barrelled space with a a(E', E")-sequentially complete dual E'. If2,kfk is a series in E\ then this series is unconditionally convergent in fi{E', E) iff for each x in E, 2/°=il.4(-x)l < oo. Proof. We have already observed that (u"; xn) is a B(M, C)-Schauder basis. If we can show the basis is boundedly complete then C(X) will be reflexive [3] , and by the results of Warner [13, pp. 273 -274] C(X) will be a countable product of real lines. Thus, let (an) be a sequence of real numbers such that B = {"2kn=lanxn: k G w} is a bounded set in C(X). If for each continuous seminorm p on C(X) we can show 2"= i|tfn|p(-*") < °°> from the completeness of C(X) we will have the existence of an x in C(X) such that jx"(x) = an. The set F = {"2ap(xn)nn: a G S} is an equicontinuous set in £", since F is pointwise bounded. To see this let x G C(X), \(Zap(xn) n")(x)\ < 2^= J lx"(x)\p(xn) < oo. From the equicontinuity of F and the boundedness of B, there exists K > 0 such that for each finite set a and a sufficiently large index k, 2>«P(*J = (2p(*")fc,)l 2 anXn\ < KAs in the proof of Lemma 4, |2aanp(jc")| < K for all a G S implies 2r_,k|p(*")<2tf <oo.
In the preceding proof the absolute convergence of the representation of each element of C(X) was used only to show that the basis was boundedly complete. Therefore, we have the following 7 . Corollary. // C(X) is complete and_ barrelled with an unconditional and boundedly complete basis then C(X) is isomorphic to a countable product of real lines.
